The nucleon sigma term of the isoscalar and isovector quark chromo-magnetic dipole moments are essential inputs for the determination of the P, CP-odd pion-nucleon couplings induced by quark chromoelectric dipole moments. We demonstrate that the former can be mapped to the third moment of the nucleon twist-three chiral-odd distribution functions {e q (x)} which are in principle measurable in semiinclusive deep inelastic scattering processes. We perform a survey on existing model calculations as well as experimental data on e u (x) + e d (x) and derive a predicted range for the isoscalar chromo-magnetic dipole moment sigma term.
Introduction
The precise determination of low-energy matrix elements of strongly-interacting bound states has been a long-standing problem in nuclear and particle physics. It is interesting for many reasons: on the one hand, it helps improving our current understanding of Quantum Chromodynamics (QCD) in its confinement region; on the other hand, it provides necessary theoretical inputs for searches of the Beyond Standard Model (BSM) physics via precision experiments in nuclear and atomic systems. These calculations are however very challenging due to the non-perturbative nature of QCD at the hadronic scale. Although in some cases lattice QCD offers convincing first-principle calculations to the problem, the technical complexities of such calculations may greatly vary depending on the details of the desired matrix elements.
An alternative approach to the problem is to relate the hadronic matrix elements of interest to experimental observables. An example of this kind is the series work by Jaffe and Ji in Refs. [1, 2] which pointed out that the nucleon tensor charges δq, defined as:
where S is the spin vector of the nucleon, could be related to the first moment of the quark's transversity distribution function h q 1 (x) as:
The distribution h q 1 (x) probes the difference in probability for a quark to be polarized parallel or antiparallel to a transversely-polarized hadron and can be measured in experiment. This observation stimulated a number of experiments to extract the tensor charges through semi-inclusive deep inelastic scattering (SIDIS), semi-inclusive e + e − annihilation and π 0 /η-exclusive electroproduction [3, 4, 5, 6] . For instance, Ref. [3, 7] quoted the following numerical values for the proton tensor charges: δu = 0.413 ± 0.133, δd = −0.229 ± 0.094 (3) at the scale Q 2 = 2.4 GeV 2 . Future experiments at SoLID are expected to further reduce the uncertainty by one order of magnitude [7] . The direct experimental determination of tensor charges is important in many aspects. Firstly, it provides an accuracy check to the corresponding calculations on lattice as well as low-energy QCD models. Secondly, tensor charges are important QCD inputs for the probe of BSM physics through precision experiments such as electric dipole moment (EDM) searches [8, 9] and nuclear beta decay [10] so the reduction of their theoretical errors allows for a more precise transcription of experimental bounds into constraints on BSM parameters.
In this paper we apply the idea above to the study of a different class of precision observables, namely the P and CP-odd pion-nucleon couplings {ḡ I } induced by the dimension-5 quark chromo-electric dipole moment (cEDM) operators. These couplings are interesting because in many cases they are the main contributors to EDMs of multi-nucleon systems [9] . Therefore, experimental limits on nuclear and atomic EDMs may set direct constraints onḡ I . If one could figure out the precise functional dependence ofḡ I on the Wilson coefficients of the cEDM operators, then the limits on nuclear and atomic EDMs may be used to effectively constrain the CP-odd parameters in relevant BSM scenarios.
Chiral symmetry relates {ḡ I } to the nucleon mass shifts induced by both the quark masses and the P, CP-even quark chromo-magnetic dipole moment (cMDM) operators [11, 12, 13, 14, 15, 16, 17, 18] . These mass shifts can be expressed as nucleon matrix elements of the form N |qq |N and N |qσ ·Gq |N . The first matrix element is just the ordinary QCD sigma term which is one of the standard objects in lattice study. The second, however, is much complicated as it involves explicit gluon degrees of freedom (DOFs) in the operator. The corresponding lattice techniques for its evaluation is not yet well-established. Therefore, we shall offer here an alternative point of view, namely to relate N |qσ · Gq |N to a special class of higher-twist distribution functions which can be probed in SIDIS experiments. This is interesting because it represents yet another nice interplay between the precision frontier in BSM searches and studies of hadronic and nuclear structures. It points out another direction in the research of hadronic CP violation apart from the conventional lattice/low-energy QCD models approach and provides extra motivation for the future improvement of experimental measurement of higher-twist observables.
This paper is arranged as follows: in Section 2 we briefly review the main results in Ref. [17] , namely the theoretical formulation of the P, CP-odd pion-nucleon couplingsḡ I in the presence of cEDM and cMDM operators, in particular howḡ I could be written in terms of the cMDM matrix elements; in Section 3 we introduce the chiral-odd twist-three distribution function e q (x) and summarize its properties; Section 4 represents our central result, where we construct a mapping between the cMDM sigma terms (and hencē g I ) and the third Mellin moment of e q (x); in Section 5 and 6 we analyze the existing model calculations and experimental results of e q (x) and extract their implications on the isoscalar cMDM sigma term; in Section 7 we draw our final conclusions.
2.ḡ I and the cMDM sigma terms
We start by considering a two-flavor QCD Lagrangian with the inclusion of a non-zeroθ-term as well as the dimension-5 cMDM and cEDM operators:
Sources of explicit chiral symmetry breaking (CSB) in the Lagrangian are the quark mass matrix M and the chromo-dipole coupling matricesd CM ,d CE . The first step in the standard treatment of Eq. (4) is to remove theθ-term through an anomalous U(1) A -rotation of the quark field. On top of that, one also performs a non-anomalous SU(2) A -rotation to align the vacuum, i.e. to remove terms linear to the neutral pion in the low-energy effective theory that renders the vacuum energy unbounded from below [19, 12, 20, 21, 22, 18] . After such treatment one obtains:
The sources of explicit CSB are now encoded in the complex quark mass matrix M and the complex chromo-dipole coupling matrixd C :
where
CE .
Here we have introduced the average quark massm = (m u +m d )/2 and the relative quark mass difference
Similarly we shall also define the isoscalar and isovector dipole moment coupling
) for the convenience of discussions later. The advantage of writing the complex quark mass matrix M in the form of Eq. (6) is that if the Peccei-Quinn (PQ) mechanism [23] is at work, thenθ relaxes toθ ind , simplifying the expression of M.
In a low-energy effective theory of hadrons, the presence of the CSB sources M andd C induces shifts of hadrons masses from their values in the chiral limit as well as extra hadron-hadron interaction terms. The terms relevant to our study in the effective Lagrangian of nucleon are:
where N = (p, n) T is the nucleon isospin doublet and F π ≈ 92.4 MeV is the pion decay constant. The quantities ∆m N and δm N are the average nucleon mass shift and the nucleon mass splitting respectively whileḡ I is the P, CP-odd pion-nucleon coupling with isospin I. Now, since the nucleon mass shifts and {ḡ I } are induced by the CP-even and CP-odd components of the same CSB source (either M ord C or both), they are related to each other through chiral symmetry. This feature has been pointed out in many literatures [11, 12, 13, 14, 15] and their matching relations are constructed based on either the partiallyconserved axial current (PCAC) relation or the leading order (LO) chiral Lagrangian. The problem is that such matching relations could be violated quite severely after the inclusion of next-to-leading order (NLO) and next-to-next-to leading order (NNLO) corrections. Ref. [16] shows that, when the QCD θ-term is the only source of CP-violation, the matching relations derived at LO is preserved by one-loop corrections. Even though they are still broken at NNLO by counterterms, the relative corrections are expected to be small. Ref. [18] extended the study to include the CP-violation due to cEDM and left-right four quark operator (LR4Q) and found that, unlike the case of θ-term, the matching relations induced by such operators are spoiled rather severely by one-loop corrections.
The above-mentioned issue is partially alleviated for the case of cMDM/cEDM following the work from Ref. [17] that suggests the following form of matching (PQ symmetry is assumed for simplicity):
(ḡ 2 is always of higher order and is neglected) where we have defined the isoscalar and isovector QCD sigma terms σ 0,3 and cMDM sigma terms σ 0,3
C of a proton state |P (with momentum P µ ) as follows 1 :
where m N is the nucleon mass. The good thing about the relations in Eq. (9) is that they are preserved exactly by one-loop corrections. The matchings are violated by O(p 4 ) counterterms but the amount of violation is in general not larger than 10%.
It is instructive to write Eq. (9) asḡ
i.e. to splitḡ I into the sum of "direct" and "vacuum alignment" contribution, which correspond to the first and second term at the right side of Eq. (9) respectively; the direct contribution depends on σ 0,3 C while the vacuum alignment contribution depends on σ 0,3 as well as the vacuum condensate ratio r and the current quark masses. The advantage of such splitting is that it separates the unknown quantities from the (relatively) known ones. Parameters inḡ I | vac can in general be obtained from current results of lattice studies as well as from QCD sum rule analysis. Techniques to calculate QCD sigma terms on lattice are quite well-established. Simulations with N f = 2 provide numerical estimations for the isoscalar and isovector quark mass parameters and sigma terms:m ≈ 3.6 MeV, ε ≈ 0.33, σ 0 ≈ 37 MeV and σ 3 ≈ 2.9 MeV [24, 25, 26] 2 which are also confirmed by more recent lattice calculations [27] . The isoscalar sigma term σ 0 may also be extracted from low-energy πN -scattering, but the outcomes are in general much larger than the lattice result (see [28] and references therein). Meanwhile a rough estimate of the vacuum condensate ratio r may be obtained from QCD sum rule: r ≈ 0.4 GeV 2 [29, 11] . It however drops out when we construct the ratio between the vacuum alignment contribution toḡ 0 andḡ 1 :
That is, if we neglect the direct contribution and assume thatd 0 ∼d 3 , then one may conclude that g 1 g 0 , which is now a common wisdom in the low-energy community. With all of these said, we still cannot claim to have a complete understanding ofḡ I without knowing the precise values of the cMDM sigma terms σ 0,3 C that show up in the direct contribution terms. Unlike the QCD sigma terms, the lattice study of cMDM sigma terms is still at its beginning stage, but could be carried out in a similar way with some technical complications (see [17] for discussions). Here, however, we shall provide an alternative direction in which σ 0,3 C can be obtained through the measurement of the chiral-odd twist-three distribution function e q (x) (which will be introduced in the next section) in SIDIS experiments, analogous to the determination of nucleon tensor charges from the transversity distribution function h q 1 (x).
e q (x) and its moments
This section serves as a brief review of the basic properties of the chiral-odd twist-three distribution function e q (x) which details can be found in [30] and references therein. First, for a proton state |P , 1 We choose the normalization of the state as P |P = (2π) 3 2E P δ 3 ( P − P ). Here we also point out two typos in Eq. (34) of Ref. [17] : there should be a factor of 2 and -2 multiplied to p|qτ 3 q|p and p|gsqσµν G µν τ 3 q|p respectively.
2 The quark mass parameters are evaluated at µ = 2 GeV whereas the sigma terms are scale-invariant. e q (x) can be written as the matrix element of a quark bilinear with light-cone separation [1, 2] :
where n µ is a basis vector on the light cone and [0, λn] is the gauge link operator that restores explicit gauge invariance of the distribution function. This function is non zero at −1 ≤ x ≤ 1 and satisfies e q (−x) = eq(x). The scalar bilinear operator could be decomposed by the mean of operator identity [31, 32, 33, 34] 3 :
with m q the current quark mass. These are the "singular", "pure twist-three","quark mass" and "equation of motion" (EOM) term respectively [30] . The EOM term does not contribute to physical matrix elements, so e q (x) can be decomposed into:
In particular, the quark mass term satisfies the following relation:
where f q (x) is the twist-two unpolarized quark distribution function:
that satisfies f q (−x) = −fq(x). The Mellin moments of f q (x) can be defined as
and similarly for e q (x). We shall adopt the convention that f q n is called the (n+1)-th moment of f q (x). Notice that the integral over x ranges from -1 to 1 so it includes simultaneously the effect of parton and anti-parton. Eq. (17) then implies the following relation between the moments of e q mass and f q :
There are well-known sum rules for the first and second moment of e q (x) respectively:
where N q is the valence quark number of the quark flavor q in the proton. At first sight, the first moment gives us the QCD sigma term given in Eq. (10), however it is of minor practical use because e q 1 is saturated by the δ-function in Eq. (16) which is experimentally inaccessible. Meanwhile, the second moment of e q comes merely from the quark mass term and vanishes in the chiral limit.
We are particularly interested in the third moment of e q (x) [35, 33, 36, 37] :
where the light-cone components of a four-vector a µ are defined as a ± = (1/ √ 2)(a 0 ± a 3 ). We shall now argue that the third moment of e q (x) is contributed mostly by e 
∼ 10
−1 at the hadron scale [38] . These together give e q 2,mass ∼ 10 −3 − 10 −4 . On the other hand, since e q 2 is boost-independent in the z-direction, we may work in the proton rest frame where
The order of magnitude of e q 2,tw3 can be roughly estimated using naïve dimensional analysis (NDA) [39, 40] :
where α s = g 2 s /4π and Λ χ ∼ 1 GeV is the so-called CSB scale. To get a feeling, we take α s ≈ 0.5 at µ = 1 GeV in MS-scheme [41] ; that gives e q 2,tw3 ∼ 10 −2 which is at least an order of magnitude larger than e q 2,mass . One may also worry that there could be accidental cancellation between different regions of x in the x 2 e q tw3 (x) integral that makes e q 2,tw3 unexpectedly small; but in the following we shall argue that this is very unlikely. First, realize that e q tw3 (x) is a regular function at −1 ≤ x ≤ 1 [30] (unlike e q mass (x) that diverges at small x) and its first moment vanishes. This implies that the sizes of e q tw3 (x) at intermediate and large values of x should be comparable to those at small x such that cancellation can occur in the x-integration. Now, since the integral for its third moment is weighted more at regions of large x due to the x 2 factor, mutual cancellation is unlikely to occur and the outcome should be significantly non-zero. Therefore, it is reasonable to assume that e q 2 is dominated by the pure twist-three contribution:
Finally, we shall quote some important results of the renormalization group (RG) evolution of e q (x) that was studied in several papers [33, 35, 36] . Ref. [35] shows that e q (x) satisfies a DGLAP-type evolution equation in large-N c limit upon neglecting quark mass. The evolution of its moments is given by:
is the digamma function and γ E is the Euler constant. For the third moment which is particularly important for us, we shall adopt an improved evolution formula including the 1/N 2 c corrections [36] (also assuming m q = 0):
4. Relations between cMDM sigma terms and e q 2
Now we shall demonstrate that the third moment of e q (x) is related to the cMDM sigma terms defined in Eq. (10) . This can be seen by considering the following parameterization of the (spin-averaged)qσ · Gq matrix element:
where A q and B q are dimensionless, scale-dependent invariant matrix elements. The cMDM sigma term obviously depends on both A q and B q :
On the other hand, e q 2,tw3 depends on another combination of A q and B q :
Combining with the approximation in Eq. (24) we thus obtain:
This is the central result of the paper: the cMDM sigma terms σ 0,3
2 , barring the two unknown constants B u,d . Furthermore, we observe that upon a non-relativistic (NR) reduction of the quark fields, these constants have to vanish. This can be easily seen by working in the nucleon's rest frame (i.e. P µ = (m N , 0)) and realizing that in the NR limit the quark bilinearqσ ν α q is non-zero only when α, ν = 0, so the only solution is that B q = 0. It is well-known that the symmetry relations obtained from NR quark models are in most cases identical to those implied by spin-flavor symmetry, which is a direct consequence of the large N c -expansion [42] . Therefore, in this work we shall simply assume the B q term to be subdominant and neglect it in the numerical analysis. In-depth theoretical investigations in the future are of course necessary to better understand the relative size between A q and B q . Eq. (30) allows us to perform a more detailed separation of the unknown hadronic inputs from the known ones in the matching relations ofḡ I :
Within the curly bracket at the right side in both lines of Eq. (31), the first term is relatively well-known from current lattice study and QCD sum rule, the second term is directly related to the chiral-odd twistthree distribution function which can be experimentally probed while the third term is so-far unknown but it should be no larger than the second term based on general argument. Therefore, determination of e q (x) from experiments allows us to pin down the second term as well as to constrain the size of the third term. By doing so one may achieve a better understanding of the theoretical uncertainty in the matching relation ofḡ I .
Model predictions
We now turn to the numerical analysis of the cMDM sigma terms. It is instructive to first collect some useful information from various low-energy models of QCD. Most of these models do not have gluons as explicit DOFs so a direct calculation of cMDM sigma terms is impossible. However, they are capable in calculating e q (x) and we may then extract their implications on the σ 0,3 C using Eq. (30) upon neglecting the B q terms. Here we shall analyze several model-based studies of e q (x) of the proton, including bag model [2, 43] , spectator model [44] , chiral quark-soliton model (χQSM) [45, 46, 47] and light-front constituent quark model (LFCQM) [48] .
First, to see how well these models reproduce QCD predictions, we quote their prediction for first and second moments of e u (x) + e d (x) which, by QCD, should satisfy the sum rules given in Eq. (21) . For the first moment, dispersion relation and chiral perturbation theory suggest that it should be quite large: e u 0 + e d 0 (6 − 10) at a typical DIS scale, say Q 2 = 1.5 GeV 2 [30] . From the results in Table  1 we find that the bag model and spectator model fail to satisfy the first sum rule while χQSM and LFCQM are consistent with QCD predictions. Looking back at Eq. (16) where one finds that the first moment comes entirely from the δ-function, we conclude that the bag model and spectator model are unable to reproduce the effect of the δ-function. The χQSM does have an explicit δ-function although its "regular" piece also contributes to a slight fraction of the first moment; the LFCQM result does not have an explicit δ-function but its effect is somehow redistributed to e tw3 and e mass . For the second moment, Eq. (21) Finally, based on the shape of e q (x) plotted for each model we are able to deduce the third moment of the isosinglet combination e u (x) + e d (x); see Table 1 for the summary. Note that the outcomes are consistent with the NDA analysis in Eq. (23) . With these results, we deduce σ We may use this to compare the relative importance between the "direct" and "vacuum alignment" contribution toḡ 1 :
where we have taken the lattice value form, σ 0 and the sum-rule estimation of r. Substituting the model predictions for e Table 1 , we find its contribution to the ratio above to take the following range:
upon neglecting B u,d . This implies that the "vacuum alignment" contribution toḡ 1 dominates over the direct contribution, thus we in fact already have a fair estimation of cEDM-inducedḡ 1 based on the currently-available data. We shall check this conclusion by studying the implications from the existing experimental results of e q (x) in the next section.
Implications from experiments
We find two existing literatures that attempted the direct extraction of e q (x) from experiment: Refs. [49, 50] among which only the former is published in a peer-reviewed journal, and therefore we shall use it to obtain an estimate of e u 2 + e d 2 . In Ref. [49] , the combination e(x) ≡ e u (x) + (1/4)ed(x) at the scale Q 2 = 1.5 GeV 2 was extracted from the azimuthal asymmetry A LU in the SIDIS process ep → eπ + X which was measured by the CLAS Collaboration [51] . Such extraction required the knowledge of the Collins fragmentation function H ⊥ 1 which was deduced from the HERMES data [52, 53, 54] . It is non-trivial to translate the outcome in Ref. [49] into our desired third moment of e u (x) + e d (x) due to two reasons: (1) the measured combination e(x) is not isoscalar and (2) there are altogether only four data points available which lie within 0.18 < x < 0.37. Therefore, extra assumptions are needed in order to extract the most information out of it. First, we will assume e d (x) ≈ e u (x) which holds in the large N c limit [30] and is shown to be a fair approximation within a χQSM even for N c = 3 [46] ; this Table 1 : Model predictions for the first, second, third moment of e u (x) + e d (x) in a proton evolved to µ = 1 GeV using Eq. (25) and (26), and the implied value for σ 0 C at the same scale using Eq. (30) with the subdominant terms B u,d neglected. The last row is obtained by substituting the lattice results of the quark masses and sigma term into the sum rule of the first and second moment in Eq. (21) . The starting points of the QCD evolution are: 400 MeV (bag model), 500 MeV (spectator model), 600 MeV (χQSM), 420 MeV (LFCQM) and 2 GeV (lattice) respectively.
assumption and e q (−x) = eq(x) together give e(x) ≈ e u (x) + (1/4)e u (−x). Second, given the limited amount of data points, we shall assume a simple Gaussian-like parameterization of e u (x):
which qualitatively describes most of the model predictions. The parameters {A, x 0 , σ} are to be fitted to experimental data. Our fitting proceeds as follows. First, we fit the four data points using the parameterization in Eq. (34) which returns a best-fitted value of x 0 ≈ 0.15, in rough agreement with the phenomenological model predictions. Next we fix x 0 = 0.15 and repeat the fit to obtain the two remaining parameters: A = 2.08 ± 0.54 and σ = 0.15 ± 0.03; the fitted curve is shown in Fig. 1 . With these we may compute the third moment of e u (x) + e d (x) by varying A and σ within their respective allowed region, which then gives: 0.03 < e 
The order of magnitude of the outcome is the same as that from the models, again indicating that the isovector P, CP-odd couplingḡ 1 is dominated by the "vacuum alignment" contributionḡ 1 | vac . The fitting above is very crude due to the limited data, but it can be greatly improved with the future accumulation of more data points in a wider range of x. At the same time, different SIDIS processes (such that the ep → eπ + π − X process analyzed in Ref. [50] ) should be considered simultaneously in order to disentangle the isoscalar and isovector combinations of {e q 2 }. Even though their role in the P, CP-odd pion-nucleon couplings seems to be subdominant as indicated in this paper, these experiments still provide invaluable information about the cMDM matrix elements which could be contrasted to future lattice calculations and thus serve as a direct test of the lattice precision.
Conclusions
Searches of BSM physics through precision tests of fundamental symmetries in low-energy hadronic systems often require precise understanding of QCD matrix elements that are difficult to compute from first principle, and a way out is to map them to experimentally measurable quantities: examples are the nucleon tensor charges and the isoscalar sigma term. In this work we focus on the cMDM sigma terms σ 0,3 C which are essential in the study of the P, CP-odd pion-nucleon couplingḡ I induced by dimension-5 cEDM operators. In the absence of lattice calculations, we investigate the possibility to extract information of such matrix elements through observables in DIS processes. We find that, barring some unknown but suppressed additive constants, σ 0,3 C could be related to the third moment of the chiral-odd twist three distribution function e q (x) that could be measured in various SIDIS experiments. Surveying on existing model studies and limited experimental data of e q (x), we arrive at σ 0 C ∼ 10 −1 GeV 2 which implies a subdominant contribution toḡ 1 comparing to the "vacuum alignment" term. Nevertheless, improvement of the e q (x) measurements is still worthwhile in terms of providing a gauge for any future attempts in the first-principle calculation of the cMDM sigma terms which will directly test our understanding of non-perturbative QCD.
